Ground state properties of the superheavy elements (SHE) with 108≤Z≤128 and 150≤N ≤192 are investigated using both the Skyrme-Hartree-Fock method with a density-independent contact pairing interaction and the macroscopic-microscopic approach with an average Woods-Saxon potential and a monopole pairing interaction. Detailed analysis of binding energies, separation energies, shell effects, single proton and neutron states, equilibrium deformations, Q α -values, and other observables is given.
I. INTRODUCTION
consistent description of SHE involving non-spherical degrees of freedom is still lacking. It is our intention to fill this gap. The macroscopic-microscopic approach, which has mostly been used up to now, is only an approximation to the Hartree-Fock (HF) theory and suffers from the lack of self-consistent coupling between the macroscopic and microscopic contributions to the total energy. Moreover, it is not based on a microscopic many-body Hamiltonian and its success (or failure) in reproducing experimental data cannot be easily traced back to an effective interaction (or to the corresponding density functional). In this work we analyze the properties of the SHE by means of the self-consistent Skyrme-Hartree-Fock approach with a zero-range pairing interaction. For comparison, a set of calculations has also been carried out with the macroscopic-microscopic WS approach.
This work has several objectives. Firstly, we re-examine the old problem of the shell stability of SHE. Namely, we study single-particle spectra resulting from the (unusually strong) self-consistent interplay between the nuclear and Coulomb parts of the Hamiltonian, discuss the major spherical gaps, and calculate ground-state shapes. Secondly, we analyze the impact of the self-consistent treatment on lifetimes of SHE and, in selected cases, make estimates of fission barriers. Last but not least, we systematize predicted binding energies, separation energies, and α-decay half-lives and discuss their dependence on the choice of the Skyrme parametrization.
The paper is organized as follows. The models employed are described in Sec. II. Section III contains the analysis of the single-particle structure of SHE. Ground-state quadrupole and hexadecapole deformations and shell corrections are discussed in Secs. IV and V, respectively. Binding-energy differences (i.e., separation energies and Q α values) are analyzed in Sec. VI. Section VII deals with the particle-decay lifetimes while Sec. VIII contains selected results of fission barrier calculations. Finally, conclusions are contained in Sec. IX.
II. THE MODELS
The calculations presented in this paper are based on the mean-field theory. The selfconsistent results have been obtained using the Skyrme-Hartree-Fock+BCS method and the macroscopic-microscopic results with the deformed WS model. These models are described in Secs. II A and II B, respectively.
A. Hartree-Fock calculations
The Hartree-Fock equations have been solved according to the method of Ref. [31] . The main advantage of this method is that instead of expanding single-particle wave functions on an oscillator basis, one discretizes them on a three-dimensional mesh, with equally spaced points along three cartesian axes. This method has been shown to have an accuracy nearly independent of the nuclear deformation, and it does not require an additional basis optimization. The high efficiency of the method can be attributed to the iterative procedure used to solve the HF equations, the imaginary time step method. One of the features of this method is that only those single-particle wave functions which contribute to the mean field are calculated. In practice, in the following we have considered all the wave functions which have a BCS occupation larger than 10 −5 , i.e., approximately 160 single-particle states for the protons and 280 for the neutrons. The actual mesh consisted of 15 3 points with a mesh step of 1.0 fm. Under such conditions, the accuracy of calculations can be estimated to be equivalent to that obtained with an oscillator basis expansion in optimized 18 deformed shells.
In the calculations we imposed the existence of three symmetry planes. The resulting shapes are reflection-symmetric, but they can be triaxial. These assumed self-consistent symmetries are expected to be well justified for deformations slightly beyond the second minimum. For larger elongations, however, one expects the presence of odd-multipolarity moments, disregarded in this work.
In the particle-hole (p-h) channel, the Skyrme effective interactions have been used. The two parametrizations employed here, SkP [32, 33] and SLy7 [34, 35] , satisfactorily describe the properties of exotic nuclei far from the beta stability line. Moreover, these interactions have been adjusted to reproduce long isotopic sequences; hence one can expect them to have good isospin properties. SkP has been especially designed to act both in the p-h and particle-particle (p-p) channels. It has an effective mass equal to the free nucleon mass (m * /m=1). Therefore, it reproduces properly the single-particle level density around the Fermi surface. When fitting SLy7, special attention was paid to its ability to describe the properties of symmetric and asymmetric infinite nuclear matter. For this force the effective mass is rather low, m * /m=0.67. Surface properties of SLy7 are close to those of the SkM * parametrization. Consequently, SLy7 is expected to describe correctly heavy nuclei at large deformations, in particular fission barriers. During the adjustment of the parametrization SLy7, both the tensor contribution to the spin-orbit term and the two-body center-of-mass correction have been included self-consistently on the mean-field level. In our study, however, these terms are treated perturbatively, i.e., the corresponding corrections to the mean fields are not taken into account and only added to the total energy after the self-consistent solutions are found. Such a procedure may slightly affect the single-particle levels obtained in the HF+SLy7 variant discussed in Sec. III. The nuclear matter characteristics of SkP and SLy7 are displayed in Table I . These forces differ mainly by different values of the isoscalar effective mass and enhancement factor (i.e., isovector effective mass). The remaining nuclear matter properties are very similar. In particular, the corresponding semiclassical surface energies [36] are almost identical and equal to that for the SkM* interaction [37] a surf =21.8 MeV, where it has been adjusted to give correct fission barrier properties. More refined methods [38] to calculate a surf give slightly different numbers which, however, are again very similar for the three forces SkM*, SkP, and SLy7. Nevertheless, the fission barriers obtained for SkP and SLy7 are significantly different, Sec. VIII. This suggests that the nuclear matter indicators are too crude a handle on the results of actual HF calculations at large deformations where a detailed shell structure is more important than the overall semiclassical properties. By using the two Skyrme parametrizations, SkP and SLy7, which differ in their effective mass properties, we aim at investigating the uncertainity in predictions related to the p-h interaction channel.
In the p-p channel, we use a density-independent contact interaction,
for both Skryme parametrizations employed. In order to minimize unphysical fluctuations of the pairing field in regions of low level density, an approximate particle number projection was implemented by means of the Lipkin-Nogami (LN) method [39, 40] . In order to adjust the pairing strengths V 0,τ , we have estimated an average A-dependence of the experimental pairing gaps for even-even nuclei around 254 Fm. As a result, the following expressions for the proton and neutron average pairing gaps have been obtained:
where δ n =10.304 MeV and δ p =13.072 MeV. The pairing strengths of the interaction (1) have then been adjusted to reproduce the average proton and neutron pairing gaps in 254 Fm. Table II displays the resulting pairing strengths, together with the predicted and experimental pairing gaps in 254 Fm. The experimental pairing gaps, ∆ exp , were extracted from odd-even mass differences taken from Ref. [41] . The quantity ∆ LN + λ 2 represents the "effective" pairing gap in the LN approximation (see, e.g., Ref. [42] ). The rather different values of V 0 obtained in SkP and SLy7 reflect the differences in their respective effective masses. Indeed, the larger values of V 0 in SLy7 compensate for the reduced single-particle level density around the Fermi level due to the low value of m * [43] . As shown in Table III , the optimized values of V 0,τ reproduce rather well the average pairing gaps in even-even nuclei in the Th-Fm region.
It is well known [32, 44] that traditional models of pairing correlations (e.g., BCS) become inappropriate when approaching particle drip lines. The main drawback is the scattering of nucleons from bound shell-model orbitals to unbound states, giving rise to an unphysical component in the nucleonic density with the wrong asymptotic behavior. This problem becomes particularly severe for neutron-rich nuclei where the particle continuum lies very low in energy. On the proton-rich side, which is approached in the present calculations, the effect of the continuum is weaker [45] because of the Coulomb barrier which tends to localize the proton density in the nuclear interior.
B. Woods-Saxon calculations
The macroscopic-microscopic method is an approximation to the HF approach [46, 47] . Its main assumption is that the total energy of a nucleus can be decomposed in two parts,
where E macro is the macroscopic energy and E micro is the microscopic energy (shell correction) calculated from a non-self-consistent average deformed potential. In our study, E macro was calculated using the Yukawa-plus-exponential mass formula of Ref. [24] with parameters of Ref. [13] . That is, similar to Ref. [29] , we adjusted the volume-asymmetry parameter, κ v , and the charge-asymmetry parameter, c a , to obtain good local agreement with known masses in the heaviest element region. The optimal values, κ v =1.92552 and c a =0.14505 MeV, turned out to be close to the original values of Ref. [24] , i.e., κ v =1.911 and c a =0.145 MeV.
The shell correction E micro was computed using the axially-deformed single-particle Woods-Saxon (WS) Hamiltonian [48, 49] with the parameters of Ref. [50] . In the WS calculations the nuclear surface is defined by means of standard β λ axial deformation parameters:
with c(β) being determined from the volume-conservation condition and R 0 = r 0 A 1/3 . The shell correction was calculated according to the prescription given in Ref. [47] , assuming the smoothing parameter of 49.2/A 1/3 MeV and a sixth-order curvature correction. All singleparticle states lying below a cut-off energy of 131.2/A 1/3 MeV above the Fermi level were included.
The pairing energy was calculated in the LN method using a state-independent monopolepairing interaction. The pairing strengths and the average pairing energy were taken according to Ref. [42] . The inclusion of the average LN pairing energy led to a renormalization of the mass-independent constant in the macroscopic energy formula [20, 24] , c 0 =1.59741 MeV. Finally, the zero-point energy correction of Ref. [29] was added to the total binding energy.
III. SINGLE-PARTICLE STRUCTURE OF SHE
The shell structure of SHE is governed by several factors, the most important one being the large mass and large electric charge of a superheavy nucleus. With increasing A, the single-particle spectrum becomes more compressed, and the binding energy increases due to the increased range (radius) of the average potential. Moreover, the orbitals with ℓ=N , j=ℓ−1/2, such as 1h 9/2 , 1i 11/2 , 1j 13/2 , etc., are considerably shifted down in energy due to a weakened spin-orbit splitting at large values of A (see Refs. [51, 52] and Fig. 2-30 of Ref. [53] ). Indeed, according to the estimates of Refs. [53, 54] , the one-body coupling constant of the spin-orbit term decreases faster than expected from the usual radial A −1/3 -scaling law [55] . For protons, an additional change in the shell structure comes from the Coulomb potential which decreases the binding energy of the single-proton orbitals with small values of r 2 . Consequently, the Coulomb potential gives rise to a lowering of the unique-parity shell (ℓ=N ) with respect to the normal-parity orbitals with N ′ =N −1. Some of the systematic changes in the single-particle shell structure are illustrated in Figs. 1 and 2 which display the spherical WS single-proton energies in 208 Pb and 310 126 184 , respectively, as functions of the Coulomb potential strength x Coul . The latter parameter, varied in the range 0≤x Coul ≤1, renormalizes the electric charge Z−1 that defines the strength of the Coulomb potential. Namely, for x Coul =0 the Coulomb term vanishes, and for x Coul =1 the Coulomb strength takes its normal value. In order not to expand the energy scale too much, the single-particle levels are shifted in Figs. 1 and 2 by
where V Coul (r = 0) is the Coulomb energy at the center of the nucleus. The influence of the Coulomb term is apparent in Fig. 1 . With increasing x Coul , high-j shells (most notably: unique parity shells) are clearly shifted down with respect to low-j orbitals. This shift, however, does not lead to any significant change in the spherical shell structure. In particular, the Coulomb term does not change the position of magic gaps 50, 82, and 126. The situation is different in the superheavy nucleus 310 126 (Fig. 2) . Here, the Coulomb energy acting together with the energy shifts due to (i) the increased radius and (ii) the change in the spin-orbit splitting discussed above, induces significant changes in the shell structure. In particular, the lowering of the 1h 9/2 and 1i 11/2 orbitals gives rise to the (almost complete) closing of the spherical gaps at Z=82 and 126, and the appearance of the subshell closure at Z=114 (cf. also Fig. 2 of Ref. [52] and discussion in Ref. [56] ).
The position of the magic gaps in the superheavy region has been discussed extensively in the past, both in non-self-consistent [11, 26, 47, 51, 52, [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] and self-consistent models. Early calculations based on finite average potentials [51, 52] and the modified oscillator potential [59, 61] found Z=114 (but not Z=126) and N=184 to be the magic numbers in the superheavy region. (Similar conclusions were reached in the following works [56, 65, 67, 74, 97] .) The magic character of the Z=114 gap was questioned by several authors [60] who pointed out that its size is sensitive to the details of extrapolation of model parameters; in particular it is influenced by the magnitude of the 2f 7/2 − 2f 5/2 spin-orbit splitting [66, 98] . The size of the Z=114 and N=184 gaps in the nucleus 298 114, predicted in various models, is displayed in Table IV . In almost all cases, the size of the Z=114 gap reflects the 2f 7/2 −2f 5/2 proton spin-orbit splitting. In some calculations, e.g., HF+SLy7, HF+SkP, and Brückner-Hartree-Fock (BHF), the 1i 13/2 proton orbital appears above the 2f 7/2 shell. (In several other models, including WS, HF+SIII these two shells are practically degenerate, see Fig. 2 ; we also note the similarity between the HF spectra of Refs. [81, 88, 92] and our HF+SkP spectrum.)
Generally, calculated shell effects in the SHE (hence their lifetimes) depend very strongly on the symmetry dependence [(N−Z)/A -term] of the spin-orbit potential [56, 73] . In this context, it is interesting to compare in Table IV the Skyrme-HF results with those obtained in the RMF theory [94, 95] , where the the isospin dependence of the spin-orbit term is different.
Figures 3-6 display the spherical single-particle levels in 294 114 and 310 126 obtained in the HF+SkP, HF+Sly7, and WS calculations. For the neutrons, all variants give a rather consistent scenario: the first significant spherical shell gap above N=126 is 184, and the next large spherical closure is predicted at N=228 (see Fig. 5 ). It is to be noted that the neutron shell structure, including the absolute shell-gap sizes, is extremely similar in the HF+SkP and WS variants, while the spectrum obtained in HF+SLy7 shows a characteristic stretching. This can be attributed to a fairly small effective mass in SLy7; a smaller effective mass gives rise to a reduced single-particle level density, hence to an overestimation of shell effects [33, 90, 93] . For this reason, the SkP spectrum (effective mass equal to one) is close to the WS spectrum.
For the protons (Figs. 4 and 6) the results show strong model dependence. Namely, the HF+SkP variant yields the magic proton gap at Z=126; in the HF+SLy7 variant the sizes of the Z=114 and Z=126 gaps are comparable (although the level density around the Z=126 gap is much lower), and there is a strong preference for the Z=114 gap in the WS calculations. Again, the SkP interaction predicts smaller gaps than SLy7.
In light of a fairly good agreement for neutrons, the visible discrepancy between the WS results and the self-consistent results for protons might look surprising. This difference, however, has a simple explanation in terms of surface properties. Indeed, it has been argued for some time that a serious source of uncertainty, when extrapolating the parameters of average potentials such as WS to the region of SHE, is the surface diffuseness or surface thickness [52, 55, 56, 72, 82, 88, 99] . Since self-consistent models indicate that the surface thick-ness parameter for protons is fairly close to that for neutrons (cf. discussion in Refs. [93, 100] based on the semiclassical extended Thomas-Fermi (ETF) approach), it has been argued [72, 99, 101] that the proton diffuseness parameter in the WS model should be systematically increased in nuclei with large values of Z, in order to compensate for the reduction of the surface thickness due to the Coulomb potential. In particular, it has been shown in Refs. [72, 99] that the relative size of the Z=114 and 126 gaps is sensitive to the diffuseness in the proton average potential (the increased diffuseness gives rise to increased Z=126 shell gap). The difference between the HF and WS proton spectra seen in Figs. 4 and 6 can thus be attributed to a non-self-consistent treatment of surface properties in the WS model.
In the HFB+Gogny calculations of Ref. [96] the Z=114 gap is small, around 1.4 MeV, and the Z=126 gap is even smaller (the spherical Z=138 gap is predicted to be around 3 MeV). For the neutrons, the N=184 and 228 shells are similar as in our calculations.
Summarizing this section, our self-consistent calculations, based on the the Skyrme interactions SkP and SLy7, favor the Z=126 spherical shell closure over the Z=114 gap. This observation is consistent with the recent results of the experimental systematics of B(E2) rates [102] according to which Z=126 is presumably the dominant proton shell closure when the global properties of nuclei in the trans-actinide region are parametrized in terms of numbers of valence particles, which depend on the shell closure beyond the experimentally accessible range.
IV. EQUILIBRIUM SHAPES
It has been early noted [57, 62, 103, 104] that the very existence of SHE elements is entirely due to shell effects. Indeed, for Z > ∼ 100, the macroscopic energy becomes unstable to shape deformations due to the Coulomb repulsion. This instability is illustrated in Fig. 7 which displays E macro calculated using the diffused-surface Yukawa-plus-exponential mass formula (Sec. II B) as a function of β 2 for three elements with Z=108, 114, and 126. It is interesting to note that while for Z=108 and 114 the macroscopic energy is unstable to prolate distortions, for still heavier elements there develops an instability with respect to oblate deformations. (In reality, this apparent minimum is a saddle point, unstable to triaxial distortions [105, 106] .) This softness against oblate deformations explains large oblate ground-state deformations in nuclei with Z > ∼ 120 obtained in some calculations (see below). As shown in Refs. [11, 106] , similar results are obtained with the standard sharpsurface liquid-drop formula [107] ; the latter one is more rigid to deformation and gives rise to slightly wider and higher fission barriers.
Since the macroscopic energy of the SHE is unstable with respect to spontaneous fission, it is the magnitude of the shell correction that governs their lifetimes. Moreover, since the macroscopic energy does not favor spherical shapes (contrary to the situation in lighter elements), the deformed shell effects play a very important role in the description of SHE. Practically any local deformed gap around the Fermi level can give rise to a local minimum in the potential energy surface (PES), i.e., to a multitude of coexisting minima. The detailed energy balance between the local minima (i.e., whether a nucleus is spherical, prolate, or oblate) is dictated by the distribution of spherical single-particle orbitals (see Sec. III). To illustrate this point, potential energy surfaces characteristic of nuclei from this mass region are shown in Figs. 8 (WS, 310 126 184 ) and 9 (HF+SLy7, 288 112 176 ). As one can see, in both cases the pattern of PES is very irregular; it reflects shell fluctuations in E micro . According to HF+SLy7, the ground state minimum of 288 112 176 corresponds to a deformed prolate shape with Q 20 =15 b (β 2 ≈0.11). There also appear a shallow oblate minimum with Q 20 ≈−25 b which, as we shall see below, corresponds to a saddle point (i.e., maximum in the γ-direction [62, 106] ), and a low-lying superdeformed (SD) minimum at Q 20 ≈80 b. The nucleus 310 126 184 is predicted to be oblate (β 2 =−0.2) by the WS calculation; the spherical minimum is about 1 MeV higher in energy. Two excited local oblate pockets appear at β 2 =−0.4 and −0.6 in the region of very flat behavior of E macro on the oblate side. There is also a local well-deformed prolate pocket (β 2 =0.45) beyond the first barrier on the way to fission. A similar complex pattern of PESs for SHE has been obtained in previous WS calculations [11] and in the recent HFB+Gogny calculations of Ref. [96] .
A. Axial shapes
In self-consistent calculations, the shape of a nucleus is characterized by expectation values of multipole operators rather than by shape deformations. In our axial HF calculations the expectation values of multipole momentŝ
are determined for each self-consistent solution. For the sake of comparing the HF and WS calculations, one can introduce the equivalent deformation parameters, i.e., such that the uniform distribution of matter inside the nuclear surface defined by Eq. (4) reproduces the HF expectation values Q λ0 = Q λ0 of multipole moments (6) . By keeping the second-order terms in β 2 and β 4 , the expressions for the mass quadrupole and hexadecapole moments, which define the equivalent deformation parameters, are (cf. Ref. [108] )
where R 0 = 1.2A 1/3 . In a similar way one can define the relation between neutron (proton) moments and the corresponding deformation parameters. Figure 10 displays, in the form of contour maps, the ground-state equilibrium values of the equivalent β 2 obtained in the HF+SkP and HF+SLy7 variants. The general pattern is very similar for both Skyrme interactions. Namely, for N < ∼ 176 all the nuclei considered are predicted to be prolate, and they are spherical for N > ∼ 180. These two regions are separated by a narrow band of transitional nuclei with small equilibrium deformations. The largest deformations, around β 2 =0.26, are obtained for the lightest nuclei considered, i.e., for Z < ∼ 114 and N < ∼ 162. The stabilizing role of deformation in the region of the known heaviest elements is well known [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ; it has been attributed to the deformed shell gaps at N=162 and Z=108. Similar ground-state deformations of the heaviest elements with Z≤114 have recently been obtained in the HF+SIII calculations [109] . Figure 11 shows the ground-state equilibrium values of the equivalent β 4 deformations. Again, the isotopic and isotonic dependencies of β 4 are very similar for both effective interactions. All nuclei which are deformed in the ground state have negative values of β 4 . The largest hexadecapole distortions, β 4 ≈−0.10, are calculated in nuclei around Z=112 and N=168.
The ground-state quadrupole deformations obtained in the WS model are displayed in Fig. 12 . For Z < ∼ 118, the results are close to those calculated in the self-consistent models. The significant differences are obtained for nuclei around Z=122 and N=166 (WS predicts very deformed oblate shapes with β 2 ≈−0.4), and for the isotopes with Z>124 and those around Z=122 and N=190 where WS yields deformed oblate shapes with β 2 ≈−0.2. In most cases, our present WS results are very close to the WS results of Ref. [11] (cf. Figs. 2 and  3 therein) .
In order to relate our results to previous work, we present in Table V As illustrated in Figs. 8 and 9 and discussed above, one expects competition between near-lying prolate, oblate, and SD shapes. Hence, depending on those model details which can influence the magnitude of shell correction, the calculated ground state of a superheavy nucleus can be prolate, oblate, or SD. This is clearly seen in Table V , especially for the heavier isotopes with Z>110.
In the FRDM calculations, the oblate minimum is favored for weakly deformed nuclei with N≈174. A similar result was obtained in a recent HFB+Gogny study of Ref. [96] . A SD ground state (β 2 > ∼ 0.5) is predicted in the FRDM for the very heavy systems with Z≥118 and N > ∼ 194. In the ETFSI model, many nuclei (practically all isotopes with Z≥112) have very elongated ground states with β 2 > ∼ 0.4 (cf. Table V) . The HFB calculations of Ref. [96] are in good agreement with our results. Except for the few isotopes that are predicted to be oblate in the HFB+Gogny calculations, the general features of the potential energy surfaces are similar.
The transition from deformed to spherical shapes predicted for N > ∼ 180 can be associated with the spherical neutron shell closure at N=184 (see Sec. III). The effect of the Z=126 spherical proton gap appears to be weakened as compared to the known nuclei. The reason for this is twofold. Firstly, as discussed in Sec. III above, the gap itself is significantly quenched in the SHE. Secondly, unlike in the lighter elements, spherical shell effects are not further stabilized by the liquid-drop energy contribution; i.e., for Z=126 the macroscopic energy has a maximum at the spherical shape. Consequently, the spherical proton gap at Z=126 cannot be considered as truly magic: the neutron-deficient Z=126 isotopes are all predicted to be deformed.
B. Triaxial shapes
In order to illuminate the role of triaxial degrees of freedom, in selected cases we performed the constrained HF calculations in the (Q 20 , Q 22 ) plane. Figures 13 and 14 display the self-consistent PES's calculated for the HF+SLy7 interaction and for 288 112 and 310 126, respectively. Here, the triaxial deformation γ is defined as:
As discussed in Sec. IV A, the nucleus 288 112 is weakly prolate-deformed in its ground state. The secondary oblate minimum seen in Fig. 9 corresponds to a saddle point. The first fission barrier represents an axial saddle point at Q 20 =42 b. A secondary SD minimum, at Q 20 =80 b, can be seen at the edge of the map and is more clearly displayed in Fig. 9 . In short, the static properties of the nucleus 288 112 can be well described by calculations constrained to axial shapes.
The situation is rather different in 184 126. For both interactions, the ground state is spherical and there is no indication for the oblate minima predicted in WS. The static path to fission goes through triaxial saddle points. There is only one saddle point at γ≈−30
• for SkP and two triaxial saddle points and a secondary triaxial minimum for SLy7. Clearly, the microscopic study of the fission process in 184 126 would require a dynamical calculation, fully exploring the triaxial degrees of freedom.
V. SHELL CORRECTIONS
To compare relative strengths of shell effects in different models, it is convenient to introduce the shell energy, E shell . In WS, the shell energy is defined as the difference between the total binding energy and the spherical part of the macroscopic energy
i.e., it is the sum of the spherical microscopic energy and the total deformation energy E def . In order to extract E shell from the HF calculations, we applied a very similar procedure. That is, from the self-consistent ground-state energy we substracted the same E macro (spherical) as in the WS calculations. In addition, the obtained HF values of E shell were shifted by a (small) constant in such a way that their values at the Z=108, N=162 nucleus become equal to the WS value. This procedure aims at comparing the shell effects calculated in different models irrespectively of a generic smooth Z and N dependence and a constant offset. (Another way of extracting E shell from the HF calculations would be to perform the Strutinsky renormalization procedure based on the HF single-particle energies [111] . However, because of the unphysical description of the positive-energy discretized continuum, especially for the proton-rich SHE, the standard renormalization technique is not very useful [112] and we did not pursue this approach further.) The contour maps of E shell are displayed in Fig. 15 . Both HF calculations clearly show the presence of strong shell stability around the "doubly-magic" nucleus 310 126. This result markedly differs from both that of the WS variant, where the island of shell stability is concentrated around the nucleus 296 114, and the result of the FY model calculations by Möller and Nix [26] who obtained the maximum shell energy at 292 114. The position of the island of shell stability does influence the mass differences that largely determine proton and neutron separation energies (Sec. VI) and particle emission probabilities, and hence the partial lifetimes (see Sec. VII). The fact that the values of E shell have very different ranges in HF and WS calculations (Fig. 15) implies that the Z and N dependence of the total energy also differs; although both WS and HF calculations reproduce properties of known heavy elements, they extrapolate very differently with the particle numbers.
VI. SEPARATION AND α-DECAY ENERGIES
Based on the calculated values of binding energies (or mass excesses, M exc ), separation and nuclear reaction energies can be extracted. These quantities involve masses of two or more nuclei and they are sensitive probes of symmetry properties of the effective interaction.
A. Two-neutron and two-proton separation energies
Firstly, we calculate two-neutron and two-proton separation energies of even-even SHE. These quantities, defined in terms of M exc ,
[M exc (1, 0)=8.071 MeV, M exc (0, 1)=7.289 MeV], probe the variations in the mass surface in the directions of N and Z. The calculated (HF and WS) two-proton and two-neutron separation energies are plotted in Figs. 16 and 17 , respectively. In spite of rather different values of E shell obtained in the self-consistent calculations and in the macroscopic-microscopic approach, the behavior of two-particle separation energies is strikingly similar. The excellent agreement obtained for the known heaviest elements seems to hold for very exotic superheavy systems as well.
The two-proton drip line, S 2p =0, (indicated by a thick solid line in Fig. 16 ) goes very smoothly between the nuclei 264 110 154 and 314 126 188 . In agreement with the results presented in Sec. III, this regular behavior of S 2p as a function of N does not indicate any strong shell effects. Interestingly, the nucleus 310 126 184 , predicted to be strongly stabilized by the shell effects in HF, is calculated to be proton-unstable (see Fig. 16 ). However, due to very large Coulomb barriers, nuclei predicted to have proton separation energies S p > −1.5 MeV are practically stable to proton emission, i.e., this decay channel can be practically disregarded as compared to other decay modes (cf. discussion in Sec. VII). A similar conclusion was drawn by Tondeur [92] who predicted proton instability and a long proton emission lifetime of 310 126 but estimated very short α-and β + -decay half-lives. As seen in Fig. 17 , the isotopes considered are very far from the neutron drip line. A strong spherical shell effect at N=184 is clearly visible, especially in HF calculations. The effect of the deformed closure at N=162, particularly pronounced in SLy7, is also seen.
B. Alpha-decay energies
As mentioned earlier, the main decay mode for the known heaviest elements is α-decay. The calculated Q α -values,
[M exc (2, 2)=2.425 MeV], are displayed in Fig. 18 . The landscapes of Q α obtained in the HF+SkP and HF+SLy7 models are very similar. For the nuclei around Z=112 and N=162, the WS variant yields Q α -values extremely close to those of HF+SkP. This is illustrated in Table VI which displays calculated values of Q α for the known α-decay chain of 264 Hs and compares them to the data. The obtained good agreement with experiment and with the results of the WS model (which was optimized locally in this region) is a necessary condition for trusting predictions of our self-consistent calculations in the region of unknown SHE.
A noticeable difference is obtained in the region around (Z=116, N=184) where WS predicts values which are ∼2 MeV larger than those in self-consistent calculations. This shift in Q α results from different predictions regarding proton shell effect (Z=114 vs. Z=126, see Sec. III) and has a direct consequence for α-decay half-lives in this region (see Sec. VII below).
C. Beta-decay energies
In the region of β-stability, both Q β − and Q EC are negative. Since our calculations are limited to the even-even nuclei, in order to estimate the beta-decay energies
masses of the odd-odd systems have been obtained in the quasi-particle approximation [113, 114] . The final result for the beta-decay energy of the parent nucleus (Z, N) can be expressed in terms of binding energies of neighboring even-even nuclei and the "effective" LN pairing gaps:
where ∆M H−n = m n − M H , M H and m n denote the hydrogen atom and neutron masses, respectively, and B is the binding energy of an even-even nucleus. The predicted β-stability valley is shown in Fig. 19 . According to our calculations, the spherical nuclei from the neighborhood of 298 114 are beta-stable. On the other hand, the predicted "doubly-magic" nucleus 310 126 lies outside the stability valley. This result agrees with the conclusions of previous studies [14, 92, 96] where the nuclei around 310 126 have also been calculated to be β + /EC-unstable. According to the estimates of Ref. [14] , GamowTeller transitions are of the order of 0.3 s for Z ≈ 128 and N ≈ 188. Kumar [30] applied the semi-empirical estimate for β-decay and EC half-lives [115] and obtained the value of 18 s for 310 126. Thus, in this region, the β + /EC process is expected to be much slower as compared to the α-decay [92] (see Sec. VII). On the other hand, for the neutron-rich isotones with N≈184 the β − emission is expected to compete with α-decay and fission [92] .
VII. PARTICLE DECAY LIFETIMES A. Alpha decay half-lives
In order to estimate the α decay half-lives, T α , we have used the phenomenological formula of Viola and Seaborg [116] with the parameters of Ref. [28] ,
where Z p is the atomic number of a parent nucleus and Q α is in MeV. The α-decay half-lives calculated in the HF+SkP, HF+SLy7, and WS models are shown in Fig. 20 for the even-even SHE.
For the known heaviest elements, there is fairly good agreement between all three variants of calculation. In particular, our predictions for nuclei Z≈110-114 and N≈154-170 agree with those of Refs. [117] and [96] . Especially pronounced in the HF+SLy7 model, there appears a region of increased stability associated with the deformed shell closure at N=162 [5, 11] . Table VII displays calculated values of T α for the nuclei which are the most promising candidates to be synthesized in the near future.
The HF+SLy7 model predicts an increased stability with respect to the α-decay also for nuclei with N≈172 and Z ranging from 110 to 118. It originates from the deformed neutron gap that opens up for N=172-174 at large negative values of β 4 . The resulting rapid change of the slope of the shell energy as a function of particle number around N ≈170 is seen in Fig. 15 .
Both HF calculations differ significantly from the WS calculations for the heavier N>180 isotones and predict a considerably smoother decrease of T α with increasing proton number. This discrepancy can be attributed to the difference in the location of the spherical proton shell which is moved up from Z=114 to Z=126. The maximum in T α at N≈182 can be attributed to the spherical neutron shell effect at N=184. Because the proton shell effect appears at higher values of Z, HF calculations predict longer alpha-decay half-lives for all nuclei with N≈182 as compared to the present WS calculations and the previous calculations of Refs. [11, 14, 26, 68, 117, 118] based on the macroscopic-microscopic approach. On the other hand we note a similarity between our HF+Sly7 results and those of Ref. [96] within the HFB-Gogny model.
It should be emphasized that Eq. (15), based on the WKB approximation, provides a rather crude estimate of T α since it disregards many structure effects [119] such as deformation, configuration changes, and so on. However, based on the experience with the known heaviest elements, the phenomenological expression (15) usually gives a right order of magnitude for T α ; for more precise estimates the microscopic calculations of α decay are called for.
B. Proton emission half-lives
Nuclei with negative proton separation energies are unstable to proton emission. The proton emission half-lives depend primarily on the proton separation energy and orbital angular momentum but very weakly on the details of the parameters of the corresponding proton optical model potential [120] [121] [122] .
The proton decay lifetimes have been estimated using the WKB expression for the partial width:
where θ 2 is the proton spectroscopic factor, µ is the reduced mass, r in and r out are the classical inner and outer turning points, respectively, N is the normalization factor, and k(r) is the wave number given by
In Eq. (17), Q p =−S p >0, and V p (r) is the average proton potential (including the Coulomb potential). In our calculations, the proton potential was approximated by that of the WS model, and it has been assumed that θ 2 =1 and the proton orbital angular momentum, ℓ, is zero. Because of the neglect of the centrifugal barrier, the calculated proton half-lives, T p , are, in general, grossly underestimated. That is, the predicted values of T p should be viewed as lower limits of proton half-lives.
The calculations have been performed for the even-even and odd-even nuclei with S p <0 (see Fig. 16 ). Since the proton separation energy involves the binding energy of the oddeven system (Eq. (10)) to calculate the latter quantity, we employed the quasi-particle approximation (see discussion before Eq. (14)). The final result for the proton separation energy of the parent nucleus (Z, N) can be expressed in terms of the proton Fermi energy, λ p , and the "effective" LN pairing gaps:
Here the tilde denotes the average value, e.g.,
The obtained proton-emission half-lives are displayed in Fig. 21 . For a given isotonic chain, the values of T p for odd-Z nuclei are dramatically lowered with respect to the even-Z neighbors. As seen in Eq. (18), this odd-even effect is due to the proton pairing energy.
Due to large Coulomb barriers in SHE, nuclei with Q p <1.5 MeV are practically protonstable. As seen in Figs. 20 and 21 , the α-decay always wins for all nuclei considered. That is, the contribution of proton emission to the total decay width can be practically neglected.
VIII. FISSION BARRIERS
The self-consistent static paths to fission have been computed in a few selected cases. The results for nuclei 288 Fig. 15 ). Calculations based on the macroscopicmicroscopic method predict the fission barriers to be significantly smaller (cf., e.g., Ref. [11] ), due to the absence of the spherical Z=126 shell closure in those models.
Fission barriers are reduced by a few MeV if the non-axial degrees of freedom are taken into account (see Figs. 13 and 22) . Nevertheless, the resulting barriers are high enough to suppress the fission process as compared to the alpha emission.
The heights of axial fission barriers computed in the HFB+Gogny model [96] are very similar to our axial results (non-axiality has been ignored in their calculations). They found fission half-lives to be of the order of 10 6 years for the N=184 isotones (with barriers of the order of 14 MeV). A substantial decrease of T sf due to the non-axiality can be expected. (A rough estimate gives a decrease by almost 8 orders of magnitude for SLy7.) In this context, however, it should be emphasized that the height of the fission barrier obtained along the dynamic path is expected to be higher than that obtained along the static path, and the effect of non-axiality is reduced in dynamic calculations [15, 123] . Rather high fission barriers in SHEs (about 14 MeV) are also predicted by Tondeur in Ref. [92] .
The SLy7 static fission path for the nucleus 288 112 displayed in Fig. 9 shows the presence of the SD minimum which gives rise to a two-humped structure. (Note that the non-axial degrees of freedom do not influence the height of barriers in this region (see Fig. 13 ).) Both barriers (inner and outer) have approximately the same height of about 6 MeV. Because of the strong Coulomb repulsion between the fission fragments, the barrier of 6 MeV is the minimum to ensure the stability of a SHE. Hence the fission process will probably dominate in this region. A similar pattern for the static fission path has been obtained in Refs. [15, 96] . In Ref. [11] , the inner barrier has been found to be lower by 2 MeV compared to our result. Such a decrease can be attributed to the weaker shell effects predicted in [11] .
The self-consistent barrier calculations performed here for a few nuclei confirm the general pattern predicted in Refs. [11, 15] . Namely, in the region of the deformed N=162 neutron shell, the α-decay mode is favored due to strong shell effects which hinder the fission process. On the other hand, for nuclei with N>166 and Z≈112 the fission mode dominates. This can be justified, e.g., by a very steep increase of the shell energy in the HF+SLy7 calculations leading to a rapid decrease of the fission barriers. Since our self-consistent models do not predict an increased stability in the neighborhood of Z=114 and N=184, there will probably be strong competition between spontaneous fission and α-decay. Heavier isotones of N=184 are expected to decay mainly via the α emission as one is approaching the spherical magic shell Z=126.
The SHEs with Z>110 were also analyzed by Kumar [30] within the dynamic deformation model. He obtained α-decay half-lives much larger than ours. 
IX. CONCLUSIONS
We have applied the HF method with two different Skyrme interactions, SkP and SLy7, and the WS macroscopic-microscopic approach to the study of SHEs with 108≤Z≤128 and 150≤N≤192. The overall agreement with existing experimental data for the heaviest known elements is satisfactory. In particular, the HF calculations predict the increased stability due to the deformed shell effect at N=162. However, the self-consistent and macroscopicmicroscopic approaches give different results when extrapolated to still heavier elements. The fact that the former methods treat correctly the interplay between the nuclear and Coulomb properties, which is crucial for the physics of SHEs, gives us more confidence in self-consistent results.
Predictions have been made for binding energies, shell energies, deformations, reaction energies, and half-lives. In general, both SkP and SLy7 Skyrme parametrizations give similar results.
According to our study, the doubly-magic superheavy element is that with Z=126 and N=184. This system is unstable with respect to the β + /EC, proton, and α decays, and it fissions. However, its half-life is governed by the α-decay (T α <1 µs). The alleged magic gap at Z=114 does not show up in our HF calculations. Its presence in the models, based on the macroscopic-microscopic approach, is due to the lack of a self-consistent treatment of surface properties (in particular: proton diffuseness). In the self-consistent theory we obtain an increased shell stability of spherical nuclei with N≈184 and Z>114, which gives rise to increased α-decay half-lives and opens up a possibility to access experimentally new higher-Z superheavy elements. TABLES TABLE I. Nuclear matter characteristics of the SkP and SLy7 Skyrme parametrizations. Standard definitions of the energy per particle E/A, Fermi momentum k F , incompressibility K ∞ , isoscalar effective mass m * /m, dipole enhancement factor κ, and symmetry energy a sym are collected, e.g., in Ref. [35] . The surface energy a surf is calculated using the expression given in Ref. [36] , Eqs. (9-12) for β=1/18 and γ=1/3. (1), adjusted to reproduce the proton and neutron average pairing gaps in 254 Fm in the SkP and SLy7 variants of calculation. The resulting "effective" odd-even mass difference, ∆ LN + λ 2 , is compared to the average gap, Eq. (2), and the experimental value extracted from the odd-even mass differences [41] . All quantities are in MeV. In order to emphasize shell effects, the spherical part of the macroscopic energy, E macro , has been substracted. At each value of β 2 , the total energy E tot (solid line) has been minimized with respect to higher-multipole deformations β 4 and β 6 . The macroscopic energy is also shown (dashed line). One-proton emission half-lives for even-even (solid line) and odd-even (dashed line) SHE obtained in the WKB approximation using the Q p values from the HF+SkP (left) and HF+SLy7 (right) models and assuming ℓ=0. 
